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Abstract

We present a new local kernel regression framework on arbitrary surfaces and
manifolds. Starting with a symmetric positive definite kernel as a basic building
block, we formulate a new bivariate kernel regression framework that is related to
heat diffusion and recently popular spectral graph wavelets. A parametric statisti-
cal inference based on the random field theory is also developed for the proposed
kernel regression. The method is then applied in investigating the influence of age
and gender on amygdala and hippocampus shape in the human brain. We detected
a significant age effect on the posterior regions of hippocampi while there is no
gender effect present in any of the structures.

1 Introduction

Biomedical Motivations. The amygdala and hippocampus are primary subcortical brain structures
involved in emotion and memory (Figure 1). For normal subjects, age and gender could be major
factors that affect the functions and structures of these structures, as implied by postmortem studies
[1]. The findings on the atrophy of amygdalar and hippocampal structures are somewhat inconsis-
tent. The volume reduction of amygdala and hippocampus due to aging has been found in some
studies [2], while other studies did not find such association. For the effect of gender, one study re-
ported significant differences in amygdala and hippocampus volume between the groups [3] whereas
others failed to reproduce these [4]. The inconsistency between these studies are mainly due to the
fact that all these studies are region of interest (ROI) based volumetry that cannot detect localized
subtle anatomical changes along the surface. This provides a biological context for a need to come
up with a novel surface-based approach.

Methodological Motivations. The end results of the most surface-based neuroanatomical studies are
statistical parametric maps (SPM) [5]. In order to obtain stable and robust SPM, various signal
smoothing and filtering methods have been proposed. Among them, diffusion equations, kernel
smoothing, and wavelet-based approaches are probably most popular. Diffusion equations have
been widely used in image processing as a form of noise reduction starting with Perona and Malik
in 1990’s [6]. Although numerous techniques have been developed for performing diffusion along
surfces [7, 8], most approaches are nonparametric and requires finite element or finite difference
schemes which are known to suffer various numerical instability [9]. Kernel smoothing based mod-
els have been also proposed for surface and manifolds data [10, 9]. The kernel methods basically
smoothes data as weighted average of neighboring mesh vertices using mostly a Gaussian kernel
and the process approximates the diffusion process. Recently, wavelets have been popularized for
surface and graph data. Spherical wavelets have been used on brain surface data that has been
mapped onto a sphere [11, 12]. However, spherical wavelets have an intrinsic problem that they
require to establish a smooth mapping from the surface to a unit sphere, which introduces a serious




metric distortion. To remedy the limitation of spherical wavelets, spectral graph wavelet transform
(SGWT) defined on a graph has been applied to arbitrary surface meshes by treating surface meshes
as graphs [13, 14, 15]. Although diffusion-, kernel- and wavelet-based methods all look different
from each other, it is possible to develop a unified framework that relates all of them in a coherent
mathematical fashion.

Contributions. Starting with a kernel, we derive a uni- z=56
fied kernel regression framework within the Hilbert space
theory. The proposed kernel regression works for any
symmetric positive definite kernel, which behaves like
weights between two functional data. We show how this
facilitates a coherent statistical inference for functional
signals defined on an arbitrary manifold. The focus of the
paper is on the theoretical development of the proposed
kernel regression on manifolds.

(1) In particular, we show how the proposed bivariate
kernel regression is related to diffusion-like equations.
Hence, the kernel regression inherits various character-
istics and properties of diffusion-like equations.

(i) We establish the relationship between the kernel re-
gression and recently popular spectral graph wavelets for
manifolds. In fact, we show that the proposed kernel re-
gression is equivalent to the wavelet coefficients. This
mathematical equivalence levitates a need for construct- X (Left to Right)
ing wavelets using a complicated machinery as often done
in previous studies [13, 14, 15].

(iii) A unified statistical inference framework is devel-
oped for neuroimaging applications by linking the kernel
.regression to the randpm field theory .[16, 17]. This lev- 1o We are interested in quantifying local
itates the need for using nonparametric procedures such shape changes over different gender and age
as false discovery rates (FDR) or permutation tests that within these small structures.

do not have explicate control over the scale of analysis.

Subsequently, we illustrate how the kernel regression procedure can be used to localize anatomical
signal within the multiple subcortical structures of the human brain.

Y (Posterior to Anterior)

Figure 1: Left (red) and right (blue) amyg-
dale, and left (yellow) and right (green) hip-
pocampi are manually segmented on MRI
and used to obtain subcortical surface mod-

2 Motivating Problems in Euclidean Space

In this section, we illustrate two problems in an Euclidean space that motivate the development of
the proposed kernel regression.

Local Polynomial Regression. Consider measurement y; sampled at p; € R?. The measurements are
usually modeled as y; = h(p;) + €; with some noise ¢; and unknown mean function / that has to be
estimated. In the well known local polynomial/kernel regression frameworks [18, 19], a univariate
kernel G(p) is introduced to minimize the weighted least squares of the form
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Most often Gaussian kernels are used. There are many different variations and names to (1). How-
ever, in most local polynomial/kernel regression frameworks, the kernel G and polynomial basis p’
are translated by the amount of p; in fitting the data locally. In this fashion, at each data point p;,
exactly the same shape of kernel and distance are used. However, one immediately encounters a
difficulty of directly generalizing (1) to an arbitrary surface since it is unclear how to translate the
kernel and basis in a coherent fashion.

Wavelets. A similar problem is also encountered in wavelets in a Euclidean space. Consider a
wavelet basis W, 4(p) obtained from a mother wavelet W with scale and translation parameters
t and ¢:

W) = 77 (P0).



Scaling a function on a surface is trivial. But the difficulty arises when one tries to define a mother
wavelet and translate it on a surface.

To remedy these two different problems, we propose to use a bivariate kernel and bypass the problem
of translating a univariate kernel in By simply changing the second argument, it has the effect of
translating the kernel. By careful construction, we introduce a new kernel method that works as
local kernel regression and wavelets simultaneously on an arbitrary surface.

3 Preliminary

Hilbert Space. In neuroanatomical studies, measurements are sampled densely at the resolution Imm
or less so it is more practical to model the measurements as functions. Consider a functional mea-
surement f defined on a manifold M C R?. We assume the following additive model:

f(p) = h(p) + €(p), (2)

where h is the unknown signal and € is a zero-mean random field, possibly Gaussian. The man-
ifold M can be a single connected component or multiple disjoint components as our hippocam-
pus/amygdala application. We further assume f 6 LQ(M) the space of square integrable functions
on M with the inner product (f,g) = [, f M p) du(p), where p is the Lebesgue measure. De-
fine a self-adjoint operator £ satisfying (gl, £g2> (Lg1,go) for all g1,go € L?*(M). Then L
induces the eigenvalues \; and eigenfunctions 1); on M:

Lapj = Ajp;. 3)

Without loss of generality, we can order the eigenvalues 0 = A\g < A1 < Ao < --- . The eigenfunc-
tions 1; form an orthonormal basis in L?(M). Then any symmetric positive definite kernel can be

written as
9) =Y _ % (p)t;(q) (4)
=0

for some 7;. This is related to Mercer’s theorem [20]. The constants 7; are identified as follows.
Consider the kernel convolution on the eigenfunction ;:

K +;(p /Kp, Y (a) du()- )

Substituting (4) into (5), we have K * v, (p) = 7;9;(p). Hence 7; and ; must be the eigenvalues
and eigenfunctions of the convolution. So far the relationship between the two different sets of
eigenvalues \; and 7; is not given.

Fourier Analysis. In the usual Fourier analysis setting, the unknown signal h is estimated in the
subspace Hj, C L?(M) spanned by the orthonormal basis {t;}, i.e.

k
My ={Y_ B;v;(p) : B; € R},

Jj=0

Then the least squares estimation (LSE) of /& in Hy, is given by the shortest distance from f to Hy:

heH

k
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where f; = (f,;) are the Fourier coefficients. Figure 2 shows an example of LSE with £ as the
Laplace-Beltrami operator and k£ = 1000.

4 Kernel Regression on Surfaces

Instead of estimating the function £ by finding the closest function in Hj, we weight the distance
with a positive definite symmetric kernel K:

h(p) = arg mln/ / K(p,q ’f p‘ 1(q) dp(p). (7)

heH
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Figure 2: The displacement length, its LSE using the Laplace-Beltrami eigenfunctions and kernel regression
with ¢ = 1 are displayed for a subject. The strip patterns visible in the amygdale in Original and LSE are
caused by image acquisition and processing and eventual discretization. They actually correspond to image
slices passing through them. On the other hand kernel regression, which is equivalent to diffusion wavelet
coefficients reduces such artifacts.

Without loss of generality, we will assume the kernel to be a probability distribution so that

/ K(p,q) du(q) =
M

for all p € M. If the kernel is a Dirac-delta function, the kernel regression simply collapses to the
usual Fourier series expansion. The main contribution of the paper is the instruction of this new
kernel regression framework and establishing the relationship to heat diffusions and wavelets. We
can show that the solution to optimization (7) is analytically given as follows.

Theorem 1

TL(p —argh%%/ / K(p,q ‘f p‘ w(q) dﬂ(p):ji:oijj¢j~

Proof. Any function h € H}, can be expressed as h(p) = Z?:o B;1;(p). By plugging the expansion
into the inner integral I(p), we obtain

k 2
I(p) =/M K(p,Q)‘f(Q)—Zﬂj¢(P)‘ du(q).
j=0

Simplifying the expression, we obtain

k
ZZ% (P)Bi By — 2K % f() > _1;(p)B; + K * f*(p). (8)
j=0

j=07'=0

From (5), the convolution K * f can bewritten as
= Z i 150 (p)
§'=0

Since I is an unconstrained positive semidefinite quadratic program (QP) in ;, there is no unique
global minimizer of I without additional linear constraints. Integrating I further with respect to
du(p), we collapses (8) to a positive definite QP, which yields a unique global minimizer:

k k
/M I(p) du(p) = Zﬁ? - QZijJﬂj + const.

=0 Jj=0

The minimum of the above integral is obtained when all the partial derivatives with respect to 3;

vanish, i.e.
ol

05 du(p) =285 —27;f; =0



for all j. Hence 2520 7; fj4; must be the unique minimizer. [J

Theorem 1 implies that the kernel regression can be done by simply computing the Fourier coeffi-
cients f; = ( f, ;) without doing messy numerical optimization. Note that as k& — oo, the kernel
regression h o= Zkzo 7; f;1; converges to convolution K * f establishing the connection to the
kernel smoothing framework [21, 9]. Hence, asymptotically kernel regression should inherit many
statistical properties of kernel smoothing on manifolds.

Connection to Diffusion. The kernel regression can be shown to be related to the following diffusion-
like Cauchy problem.

Theorem 2 For an arbitrary self-adjoint differential operator L, the unique solution of the follow-
ing initial value problem

dg(p,t)
ot

+£g(p7t):079(pvt:0):f(p) )]

is given by
= e M f(p). (10)
=0

Due to the space limitation, we will not provide a proof but the readers can verify the result by
plugging the solution to the equation. If we let 7; = e —Ait, we can see that our proposed kernel

regression h = " =0 T;Jj%; should converge to the solution of diffusion-like equation. If we let £

be the Laplace-Beltrami operator, (9) becomes an isotropic diffusion equation as a special case and
we are then dealing with heat kernel

Ze)\tdh ¥;(a),

7=0
which is often explored mathematical objects in various fields [21, 9].

Connection to Wavelets. In order to construct

wavelets on an arbitrary graph and mesh, spec- LSE
tral graph wavelet transform (SGWT) has been
proposed recently [13, 14, 15]. However,
SGWT-based so called diffusion wavelet con-
struction has been fairly involving so far. How-
ever, it can be shown to be a special case of the
proposed kernel regression. Following closely
the notations in [13, 14, 15], for some scale
function ¢ that satisfies the admissibility con-

ditions, diffusion wavelet W, ,(p) at position p Figure 3: Gibbs phenomenon (ringing artifacts) is vis-
and scale ¢ is given by ’ ible in the Fourier series expansion via LSE of the step

function defined on a sphere. On the other hand, the
kernel regression (wavelet coefficients) shows less visi-

k
Wi q(p Zg (A0 (p)v;(q). ble artifacts.
j=0
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If we let 7; = g(\;t), the wavelet coefficient is given by

k
Wi, f) / Wiq(p)f(p) du(p) = mf%;(a),
j=0

which is the exactly kernel regression we introduced. Hence, diffusion wavelet coefficients can
be simply obtained by doing the kernel regression without an additional wavelet machinery [15].
Further, if we let g(\;t) = e~ %%, we have

Wip(q) = Hi(p, q),

which is a heat kernel. The bandwidth ¢ of heat kernel controls resolution while the translation is
done by shifting one argument in the kernel.



Although the kernel regression is constructed using global basis functions, remarkably the kernel
regression at each point p coincides with the wavelet coefficient at that point. Hence, it also inherits
all the localization property of wavelets at that point. This is clearly demonstrated in a simulation
given in Figure 3, where a step function of value 1 in the circular band 1/8 < 6 < 1/4 (angle
from the north pole) and of value O outside of the band is constructed. Then the step function
is reconstructed using the Fourier series expansion via LSE and kernel regression. For the kernel
regression, the heat kernel with the small bandwidth ¢ = 0.0001 is used. LSE clearly shows severe
ringing artifacts compared to the kernel regression (wavelet coefficients).

S Statistical Inference for Kernel Regression

The proposed kernel regression can be naturally integrated into the random field theory based statis-
tical inference framework [16, 17]. Consider a functional measurements f!,--- , f” on a manifolds
M. In a simplest statistical setting, the measurements can be modeled as

f'(p) = h(p) + € (p),
where h is an unknown group level signal and €’ are zero-mean unit-variance Gaussian random
fields. The model assumptions are not as restrictive as it seems since we can always normalize the
data in this fashion. We further assume the random field €’ is modeled as the convolution of kernel
Hj on Gaussian white noise W with small bandwidth s, i.e. €'(p) = K, * W(p). We are then
interested in determining the significance of h, i.e.

Hy: h(p) =0forallp € M vs. H; : h(p) > 0 for some z € M. (11)

Note that any point pg that gives h(pg) > 0 is considered as signal. (11) is an infinite dimensional
multiple comparisons problem for continuously indexed hypotheses.

Given a test statistic, often a T-field T'(p),

which is T-statistic at each point p, we 5“;9 ‘ : : :
. . €T == Length =1 + Age
need to compute the multiple compari- 45- 1 - - -Length=1 + Age + Gender I
son corrected type-I error of rejecting the H — Length= 1 + Age + Gender + Brain
null hypothesis (there is signal) when the 4 B |
null hypothesis is true (there is no signal). 350
For sufficiently high threshold z, which & 3
corresponds to the observed maximum T- i? 05
statistic value, it is known that the cor- g
rected type-1 error is given by s
d 1.5-

P(sup T(p) > 2) = Y i(Mps (), 1

peM =0 05
vyhere 'ud.(M) 8 the j-th Minkowski fung— "0z 04 06 08 1 12 14 16
tional or intrinsic volume of M and p; is Bandwidth t
the j-th Euler characteristic (EC) density
of T-field [16, 17]. Figure 4: Type-I error plot over bandwidth ¢ of kernel re-

gression for three different statistical models for our amyg-
The our application, hippocampus and dala/hippocampus data. As the bandwidth increases, the mul-
amygdala surfaces are compact with no tiple comparisons corrected type-I error decreases. As the
boundary, so the Minkowski function- complexity of model increases, the error is expected to in-

als are simply po(M) = area(M)/2, crease. That is why the most complex model has higher type-
p2(M) = 0 and po(M) = x(M) = I error than the other two models. In all three models, the

4 % 2. the Euler characteristic of M. The €Tor flattens around the bandwidth 1 so the bandwidth ¢ = 1
EC-densities of the T-field with v degrees is chosen in the study.
of freedom [17, 16] is

po(z) = 1-P(T, <z),
1 1 22
_ L 1 - _(V_l)/2
p1(2) V252 Qﬂ( ) ’
1 1 T 22\ ~(=1/2
= D 1 - :
p2(2) 252 (27r)3/2 (%)1/2F(%)z( + z/)



Note that EC-densities has the term kernel bandwidth 2s% which relates the smoothness of noise via
€' = K, *+ W. In the usual SPM framework [16, 17], signals are usually convolved with a kernel
with much larger bandwidth than s effectively masking the smoothness of noise to be ¢. Hence we
perform kernel regression on f¢ with kernel H; and effectively model the data as

H; * fi(p) = Hy % h(p) + Hy x W (p)

and replace s in the EC-density with ¢. Figure 4 shows the type-I error plot over different bandwidth
t of the kernel regression. As the bandwidth ¢ goes to zero, the type-I error increases. When ¢ = 0,
the kernel regression collapse to the usual Fourier series expansion. Hence, kernel regression can be
viewed as having smaller type-I error compared to the Fourier series expansion.

6 Application

Brain Imaging Data. The study consists of high resolution T1-weighted inverse recovery fast gra-
dient echo anatomical 3D images, collected in 124 contiguous 1.2-mm axial slices (TE=1.8 ms;
TR=8.9 ms; flip angle = 10°; FOV = 240 mm; 256 x 256 data acquisition matrix) of 69 middle
age and elderly adults ranging between 38 to 79 years (mean age = 58.0 £ 11.3 years). There are
23 males and 46 females. The data were collected as a part of a national study for the health and
well-being in the aged population. The amygdalae and hippocampi were manually segmented by a
trained individual rater in the native space (Figure 1). The segmented volumes did not yield any age
or gender effects at 0.05 level. This gives an additional motivation for developing a more complex
surface-based shape analysis.

Brain tissues in the MRI scans were first segmented using Brain Extraction Tool (BET) [22], and
then a nonlinear image registration using the diffeomorphic shape and intensity averaging technique
with cross-correlation as similarity metric was performed [23]. A study-specific template was con-
structed. Using the deformation field of warping the individual brain to the template, we deformed
the amygdala and hippocampus binary masks to the template space. The normalized masks were
then averaged to produce the subcortical template. The isosurfaces of the subcortical masks are
extracted using the marching cube algorithm.

The displacement from the template to an individual surface is obtained at each mesh vertex. Since
the length measurement provides a much easier biological interpretation, we used the length of
displacement vector as a response variable among many other possible features. Since the length
on the template surface is expected to be noisy due to image acquisition, segmentation and image
registration errors, it is necessary perform the proposed kernel regression and subsequently reduce
the type-I error. Figure 2 shows an example of kernel regression on our data.

Numerical Implementation. The Laplace-Beltrami operator is chosen as the self-adjoint operators £
of choice. The eigenfunctions of the Laplace-Beltrami operator on an arbitrary curved surface is an-
alytically unknown. So it is necessary to discretize (3) using the Cotan formulation as a generalized
eigenvalue problem [24, 25]:

Cy = \AY, (12)

where C is the stiffness matrix, A is the mass matrix and ¥» = (¥(p1), -+ ,¥(py))’ is the eigen-
function evaluated at n mesh vertices. Once we obtained the basis functions v;, the corresponding
Fourier coefficients 3; are estimated as

Bj = ' A, (13)
Where f = (f(pl)a e af(pn))/ and 1/}] = (¢7(p1)7 e 7,(/)j(pn))/ [24]

For the Laplace-Beltrami operator, the heat kernel is the corresponding kernel. We have chosen the
parameters ¢ = 1 and £ = 1000 number of basis for the subsequent kernel regression. The number
of eigenfunctions used is more than sufficient to guarantee relative accuracy less than 0.3% against
the ground truth. Kernel regression is also performed on the surface coordinates of the template for
better visualization.

Results. Since test statistics are constructed over all mesh vertices on the mandible, multiple com-
parisons are accounted for using the random field theory [17]. The random field theory assumes the
measurements to be smooth Gaussian random field. After the displacement lengths are smoothed,
we constructed the T-field testing the length difference.
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Figure 5: T-statistic and the corrected p-value maps on the amygdala/hippocampus template showing
age effect. The posterior regions of the both left and right hippocampi show a significant age effect
at 0.05 level. However, there is no gender effect present in any of the structures.

Subsequently Length is regressed over the total brain volume and other variables:
Length = By + B2 - Brain + 03 - Age + B4 - Gender + €, (14)

where € is zero mean Gaussian noise. The age and gender effects are determined by testing the
significance of parameters 53 and 34 at a = 0.05 using T-statistic and corrected for multiple com-
parisons. The result is displayed in Figure 5.

Age effect. We found the region of significant effect of age on the posterior part of hippocampi (left:
max. T-stat = 6.25, p = 0.00014 (corrected); right: max. T-stat = 4.78, p = 0.024 (corrected)). Par-
ticularly, on the caudal regions of the left and right hippocampi, we found highly localized signals.
It is consistent with other shape modeling studies on hippocampus [26, 5]. However, we did not find
any age effects on the amygdala surface at o = 0.05.

Gender effect. We did not detect any significant gender effects on any parts of amygdale or hip-
pocampi at 0.05 level.

7 Conclusion

We have developed a new kernel regression that unifies bivariate kernel regression, heat diffusion
and wavelets in a single coherent mathematical framework. The kernel regression is both global
and local in a sense it uses global basis functions to perform regression but locally equivalent to
diffusion wavelet coefficients. The proposed framework is demonstrated to reduce type-I error in
modeling shape variations compared to the usual Fourier series expansion. The ability to localize
subtle age-related morphological differences may provide an anatomical evidence for the functional
digression in hippocampus.
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